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Abstract
Some new generalized Volterra-Fredholm type nonlinear discrete inequalities
involving four iterated inﬁnite sums are established in this paper. To illustrate the
validity of the established inequalities, we present some applications for them, in
which new explicit bounds for the solutions of certain inﬁnite sum-diﬀerence
equations are deduced.
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1 Introduction
In recent years, many researchers have focused on various generalizations of the known
Gronwall-Bellman inequality [, ], which provide explicit bounds for unknown solutions
of certain diﬀerence equations, and a lot of such generalized inequalities have been es-
tablished in the literature [–] including the known Ou-Iang inequality []. In [], Ma
generalized the discrete version of Ou-Iang’s inequality in two variables to a Volterra-
Fredholm form for the ﬁrst time, which has proved to be very useful in the study of quali-
tative as well as quantitative properties of the solutions of certain Volterra-Fredholm type
diﬀerence equations. But since then, few results on Volterra-Fredholm type discrete in-
equalities have been established. Recent results in this direction include the works of
Zheng [], Ma [], Zheng and Feng [] to our best knowledge. We notice that the
Volterra-Fredholm type discrete inequalities in [–] are constructed by an explicit
function up in the left-hand side (see [, Theorems ., .], [, Theorems ., ., .,
.], [, Theorems , , , ]).
Motivated by the works in [–], in this paper, we establish some new generalized
Volterra-Fredholm type discrete inequalities involving four iterated inﬁnite sums with the
right-hand side denoted by an arbitrary function φ(u), which are of more general forms.
To illustrate the usefulness of the established results, we also present some applications
for them and study the boundedness of the solutions of certain Volterra-Fredholm type
inﬁnite sum-diﬀerence equations.
Throughout this paper, R denotes the set of real numbers and R+ = [,∞), and Z de-
notes the set of integers, while N denotes the set of nonnegative integers. In the next of
this paper, let := ([m,∞]× [n,∞])∩Z, wherem,n ∈ Z, and let l, l ∈ Z be two con-
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stants. If U is a lattice, then we denote the set of all R-valued functions onU by ℘(U) and
denote the set of allR+-valued functions onU by ℘+(U). Finally, for a function f ∈ ℘+(U),
we have
∑m
s=m f =  providedm >m.
2 Main results
Lemma . [, Lemma .] Suppose u,a,b ∈ ℘+(). If a(m,n) is nonincreasing in the ﬁrst













Lemma . Suppose u,a,H ∈ ℘+(), b ∈ ℘+(), and H , a are nonincreasing in every
variable with H(m,n) > , while b is nonincreasing in the third variable. ϕ,φ ∈ C(R+,R+)


































ϕ[φ–(z + a(m,n))] dz, z ≥ z > . ()










u(s, t) + a(s, t)
)]
. ()
Let the right-hand side of () be v(m,n). Then
u(m,n)≤ v(m,n), (m,n) ∈ ([m,∞]× [n,∞])∩ , ()
and
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b(s, t,m – ,n) – b(s, t,m,n)
]}
× ϕ[φ–(v(m,n) + a(m,n))],
that is,











































On the other hand, according to the mean-value theorem for integrals, there exists ξ such




ϕ(φ–(z + a(m,n))) dz =
v(m – ,n) – v(m,n)
ϕ(φ–(ξ + a(m,n)))
≤ v(m – ,n) – v(m,n)
ϕ(φ–(v(m,n) + a(m,n))) . ()
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(m,n) ∈ ([m,∞]× [n,∞])∩ . ()















Since (m,n) is selected from  arbitrarily, then substituting (m,n) with (m,n) in (),
we get the desired inequality (). 
Theorem . Suppose u ∈ ℘+(), bi, ci ∈ ℘+(), i = , , . . . , l, di, ei ∈ ℘+(), i =
, , . . . , l with bi, ci, di, ei nonincreasing in the last two variables, and there is at least
one function among di, ei, i = , , . . . , l not equivalent to zero, a, ϕ, φ are deﬁned as in





















































































































































































































a(ξ ,η) + v(ξ ,η)
)]

























a(ξ ,η) + v(ξ ,η)
)]}
, ()











n)v(ξ ,η)], and J(m,n) is deﬁned in (). Then usingH(m,n) is nonincreasing in every vari-
able, we obtain


















































a(s, t) + v(s, t)
)]
, ()
where B(s, t,m,n) is deﬁned in ().
Since there is at least one function among di, ei, i = , , . . . , l not equivalent to zero, then
H(M,N) > . On the other hand, as bi(s, t,m,n), ci(s, t,m,n) are both nonincreasing in the
last two variables, then B(s, t,m,n) is also nonincreasing in the last two variables, and by















Furthermore, by the deﬁnitions of H(m,n), μ, μ and (), we have












































































Combining (), () and (), we get the desired result. 
Corollary . Suppose gi, gi,bi, ci ∈ ℘+(), i = , , . . . , l with gi, gi nonincreasing in
every variable, di, ei ∈ ℘+(), i = , , . . . , l, u, a, ϕ, φ are deﬁned as in Theorem .. If for
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The proof for Corollary . can be completed by setting bi(s, t,m,n) = gi(m,n)bi(s, t),
ci(s, t,m,n) = gi(m,n)ci(s, t), di(s, t,m,n) = gi(m,n)di(s, t), ei(s, t,m,n) = gi(m,n)ei(s, t)
in Theorem ..
Theorem . Suppose w ∈ ℘+(), u, a, bi, ci, di, ei, ϕ, φ are deﬁned as in Theorem ..
Furthermore, assume ϕ ◦φ– is submultiplicative, that is, ϕ(φ–(αβ))≤ ϕ(φ–(α))ϕ(φ–(β))






























































































































, i = , . . . , l,
()
di(s, t,m,n) = di(s, t,m,n)w(s, t),
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Proof Denote













































































































u(m,n)≤ φ–[(a(m,n) + v(m,n))w(m,n)], ()






















































































































































































a(ξ ,η) + v(ξ ,η)
)]}
, ()



































Combining (), () and (), we get the desired result. 
Theorem. Suppose u, a, bi, ci, di, ei, ϕ, φ are deﬁned as in Theorem .. Li,Li,Ti,Ti :
×R+ →R+, i = , , . . . , l satisﬁes ≤ Lji(m,n,u)–Lji(m,n, v)≤ Tji(m,n, v)(u–v), j = , 


















































































































b̂i(s, t,m,n) = bi(s, t,m,n), ĉi(s, t,m,n) = ci(s, t,m,n), i = , , . . . , l, ()













































































Zheng and Fu Advances in Diﬀerence Equations 2012, 2012:228 Page 12 of 18
http://www.advancesindifferenceequations.com/content/2012/1/228
Then we have



































































































































































































a(ξ ,η) + v(ξ ,η)
)]}
, ()
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Combining (), () and (), we get the desired result. 
Theorem . Suppose w ∈ ℘+(), u, a, bi, ci, di, ei, ϕ, φ are deﬁned as in Theorem .,




















































































































ξ ,η,a(ξ ,η)ω˜(ξ ,η)
)]
,
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, i = , , . . . , l,
d˜i(s, t,m,n) = di(s, t,m,n)w˜(s, t)Ti
(
s, t,a(s, t)w˜(s, t)
)
, i = , , . . . , l,
e˜i(s, t,m,n) = ei(s, t,m,n)w˜(s, t)Ti
(
s, t,a(s, t)w˜(s, t)
)
























The proof for Theorem . is similar to the combination of Theorem . and Theo-
rem ., and we omit the details here.
Remark . We note that the inequalities established in Theorems ., .-. are essen-
tially diﬀerent from the results in [–] as the left-hand side of the inequalities estab-
lished here is an arbitrary function φ(u). Furthermore, if we set φ(u) = up, a(m,n) = , then
Theorem . reduces to [, Theorem .].
3 Applications
In this section, we present some applications for the results established above. Similar
to the applications in [–], we research a certain Volterra-Fredholm sum-diﬀerence
equation and derive some new bounds for its solutions.









































where u ∈ ℘(), p≥  is an odd number, Fi,Gi : ×R→R, i = , .
Theorem . Suppose u(m,n) is a solution of (), and |F(s, t,m,n,u)| ≤ f(s, t,m,n)|u| p ,
|F(s, t,m,n,u)| ≤ f(s, t,m,n)|u| p , |G(s, t,m,n,u)| ≤ g(s, t,m,n)|u|p, |G(s, t,m,n,u)| ≤
g(s, t,m,n)|u|p, fi, gi ∈ ℘+(), i = , , fi, gi are nondecreasing in the last two variables,
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provided that μ < , where









































































√z dz = 
√










x, x≥ . ()
Then by μ < , we have T is strictly increasing, and a suitable application of Theorem .






















Combining ()-(), we can deduce the desired result. 
Theorem . Suppose u(m,n) is a solution of (), and |F(s, t,m,n,u)| ≤ f(s, t,m,n)|u| p ,
|F(s, t,m,n,u)| ≤ f(s, t,m,n)|u| p , |G(s, t,m,n,u)| ≤ g(s, t,m,n)L(s, t, |u|p), |G(s, t,m,n,
u)| ≤ g(s, t,m,n)L(s, t, |u|p), where fi, gi, i = ,  are deﬁned as in Theorem ., L,L,T,
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T :×R+ →R+ satisﬁes ≤ Li(m,n,u)–Li(m,n, v)≤ Ti(m,n, v)(u– v) for u≥ v≥  and























provided that μ̂ < , where

















g(ξ ,η,M,N)T(ξ ,η, )
]
.














































































g(ξ ,η,m,n)T(ξ ,η, )
∣∣u(ξ ,η)∣∣p]. ()
























x  , x≥ . ()
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Then by μ̂ < , we have T is strictly increasing, and a suitable application of Theorem .






















Combining ()-(), we can deduce the desired result. 
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